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LOOP SPACE HOMOLOGY ASSOCIATED TO THE MOD 2 

DICKSON INVARIANTS 

RAN LEVI AND NORA SEELIGER 



Abstract. The spaces BG2 and BDI(A) have the property that their mod 2 coho- 
mology is given by the rank 3 and 4 Dickson invariants respectively. Associated with 
these spaces one has for q odd the classifying spaces of the finite groups BG2(q) and 
the exotic family of classifying spaces of 2-local finite groups BSol(q). In this article 
we compute the loop space homology of BG^g)^ an( i BSol(q) for all odd primes q, as 
algebras over the Steenrod algebra, and the associated Bockstein spectral sequences. 



It is well known that the mod 2 Dickson invariants P[u\, 112, . . . , u^\ GLn( ^ 2 ^ are realis- 
able as the mod 2 cohomology of a space only for n < 4. For n = 2, 3 the corresponding 
spaces are the classifying spaces of the Lie groups £0(3) and G2 respectively. For n = 4 
a space BDI(4) was constructed by Dwyer and Wilkerson, which realises the rank 4 
invariants [5]. In 1994 Benson introduced a family of spaces BSo\(q), one for each odd 
prime power q, closely related to BDI(4), which he claimed realised the exotic fusion 
patterns studied by Solomon 20 years earlier [2J [TB] . He obtained this family of spaces 
^ \ by considering the pullback of the system 



BDI(4) ^\ BDI(4) x BDI(A) <-^- BDI(A), 



where ip q is the degree q unstable Adams operation constructed by Notbohm [13]. In 
[ITj the first named author and Oliver showed that the patterns studied by Solomon 
form in fact what became known more recently as saturated fusion systems, and that 



these fusion systems admit associated centric linking systems, and thus give rise to a 
family of 2-local finite groups (see [3]). The "classifying spaces" of these 2-local finite 
groups are also named BSol(q), and are shown to coincide with Benson's family. The 
family BSol(q) provides one of the most interesting collections of p-local finite groups, 
in that they are all exotic, and to date the only exotic systems known at the prime 2. 
The module structure of H*(BSol(q), ¥2) was calculated by Benson, and the algebra 
and ^-module structure were determined by Grbic, who also computed the Bockstein 
^ ■ spectral sequence for these spaces [7]. 

In this article we consider the spaces BG2{q)2 an d B$o\{q) for all odd prime powers 
q, and present a complete calculation of their loop space homology. There are strong 
results known on the homotopy type of QBGp when G is a finite group [10J, but not 
much is known on loop spaces of exotic classifying spaces. Furthermore, as we shall see 
these two families exhibit very systematic behaviour, which might be worth exploring 
further. This motivates our calculations. 

Throughout this paper H*(—) and H*(—) will mean mod 2 homology and cohomol- 
ogy respectively. Different coefficients will always be explicitly specified. Subscripts 
on homology or cohomology classes will always denote their degrees. The letters P, 
E, T and T will be used to denote the polynomial, exterior, tensor and divided power 
algebras respectively. By convention we will always use the notation T[x] to denote 
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2 RAN LEVI AND NORA SEELIGER 

a tensor algebra on a single odd-dimensional generator, although over F 2 the tensor 
algebra on a single generator in any dimension is graded commutative. The spectral 
sequences of Serre, Bockstein and Eilenberg-Moore will be used in our calculations and 
will be abbreviated as SSS, BSS and EMSS respectively. 

Our first result is a calculation of the mod 2 loop space homology of BG 2 (q), for any 
odd prime power q. 

Theorem A. Fix an odd prime power q. Then 

H*{£lBG 2 {q)$) = P[a 2 ]/(a 2 2 ) ® P[a 4 , &i ] ® E[x 3 , x 5 ] ® P[z 6 ]/(z 2 6 ), 
as modules over H*(QBG 2 ) = P[a2]/(a|) Cg> P[a4, &io]- Furthermore: 

• The relations which determine the algebra extension are given by x\ — x\ — z\ — 
0, [a^)-^] — a % [°4,<z 6 ] — &10 + 02^4; [&io,<z 6 ] = a|. ^4// oiaer commutators 
of generators are trivial. 

• TTie reduced coproduct is given by A(a^) = a 2 <8> a 2 , A(^ 6 ) =0:3® 0:3, while all 
other generators are primitive. 

• The action of the dual Steenrod algebra is determined by 
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and the Steenrod axioms. 
• The homology Bockstein spectral sequences are determined by 
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where r 2 = v 2 (q 2 — 1). 

Next we have the analogous calculation for PSol(g). 
Theorem B. Fix an odd prime power q. Then 

H*{QBSol{q)) =■ P[ao]/{al) <g> P[&i , C12, e 26 ] P[y 7 , y n ,yi 3 ] ® ^[2/14]/ (2/14), 
as a module over H^(QDI(A)) = P[a 6 ]/(a|) <S> P[&io, c i2, e 26 ] . Furthermore: 

• The relations which determine the algebra extension are given by y 2 = y\ x = 
Vis = 2/i4 = 0; [^6,2/14] = 6?o> [ & io,2/i4] = c? 2; and [012,3/14] = e 26 + a 6 6? 0; and 
[626,2/14] — bf . All other commutators of generators are trivial. 

• The reduced coproduct is given by A(ci 2 ) = a 6 cg> a 6 , and A(yu) = y-j ® y-j. All 
other generators are primitive. 

• The action of the dual Steenrod algebra is determined by 
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and t/ie Steenrod axioms. 
• The homology Bockstein spectral sequence is determined by the table, 
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where r 4 = z/ 2 (g 4 — 1). 



The paper is organized as follows. In Section 1 we record some basic facts which are 
the basis for our calculation. The loop space homology of BG 2^)2 and BSol(q) are 
calculated in Sections 2 and 3 respectively. 

Some of the calculations presented here can be carried out more easily using the 
general methods developed recently by Daisuke Kishimoto and Akira Kono [8]. The 
authors are very grateful to Kono for the interest he showed in our results and for 
pointing out an error in the calculation of the algebra structures in an earlier version 
of this paper. 



1. Preliminaries 



Recall the Quillen-Friedlander fibre square [6] for groups of Lie type. If G is a complex 
reductive Lie group, and G(q) is the corresponding algebraic group over the field of q 
elements, then after completion at a prime p not dividing q, there is a homotopy fibre 
square 

BG(W q )Z ► BGp 

(1) 

BGp 1Tr > BG; x BG* 

where ip q is the g-th unstable Adams operation, and A is the diagonal map. In par- 

ticular, since for any self map /: X — > X, hofib(X > X x X) ~ QX, one has a 

fibration sequence of loop spaces and loop maps: 

(2) ^BG{qr p ► Gp G a 

All p-compact groups, in particular DI(4), admit unstable Adams operations of degree 
q, where q is a p-adic unit. The corresponding fibre square for DI(4) was used by 
Benson to define 5Sol(g) [2]. 

We next record three well known cohomology algebras, which will be used in our 
calculation. As a convention we will use Roman alphabet to denote classes in mod 2 
homology and cohomology, and Greek letters to denote classes in integral homology 
and cohomology. A good reference for the cohomology of Lie groups is [12J. 

The Spaces BSU(3), SU(3) and ftSU(3). 

(3) H*(BSU(3))^P[u A ,u e ] and H*(BSU(3), Z) = P[ 74 , 7e ], 
both as algebras, with S , g 2 (u 4 ) = it 6 . Recall also that 

(4) H,(SU@),Z)<*E\x3,Xb] 

as a Hopf algebra. An elementary calculation, using the EMSS, yields 

(5) H,(QSU{3),Z) = P[a 2 ,a 4 ] 
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as an algebra, with the Hopf algebra structure determined by A(a 4 ) = a 2 <g> a 2 , where 
A denotes the reduced diagonal. Since these algebras are torsion free, 

H*(SU(3)) H.(SU(3), Z) ® F 2 = E[x 3 ,x 5 ], 

and 

H*{QSU(3)) H*{QSU{3), Z) g> F 2 = P[a 2 , a 4 ] 
as Hopf algebras, with Sql(x 5 ) = x 3 and Sq 2 (a 4 ) = a 2 . 

The Spaces BG 2 and G 2 . 

(6) F*(SG 2 )^PK«6,*7], 

with Sq 2 (u 4 ) = Uq and Sg 1 ^) = t 7 . These are the rank 3 mod 2 Dickson invariants. 
The group SU (3) is a subgroup of G 2 and the inclusion induces the obvious projection 
on mod 2 cohomology. Recall also that 

(7) H*{G 2 ) ^E[x 3 ,x 5 ,x 6 ] 
with Sql(x 6 ) = x 5 , Sql{x h ) = x 3 and A(x 6 ) = x 3 ® x 3 . 

The Spaces BDI(4) and DI(4). Let BDI(A) denote the classifying space of the 
2-compact group DI(4) j-V. Thus 

(8) H*(BDI(A),¥ 2 ) = P[v 8 ,v l2 ,v 14 ,s 15 ], 

with Sq 4 (v 8 ) = V12, Sq 2 (v 42 ) = %, and SV(t>i 4 ) = Si 5 . One also has 

(9) #,(£>/(4),F 2 ) = E[y 7 ,y u ,y 13 ,y 14 ] 

with Sq A (y 7 ) = y n , Sq 2 (y u ) = y 13 , Sq 1 (y 13 ) = y 14 , and A(y 14 ) = y 7 ® y 7 . 

2. Loop space homology of _BG 2 (g) 2 . 

Next we calculate the loop space homology of BG 2 (q)%. To avoid an awkward 

notation, we use (— ) to denote (— ) 2 where it makes sense to do so. 

The mod-2 loop space homology of G 2 , which is necessary for the calculation in 
hand, is well known (see for instance [HE]), but we include a brief calculation here for 
the convenience of the reader. 

There is a fibration 

(10) SU(3) > G 2 > S 6 . 

To calculate the loop space homology of G 2 , we use the mod-2 and integral homology 
Serre spectral sequences for the fibration obtained from fTTTJT) by looping. Consider first 
the integral spectral sequence 

E 2 = H*(QSU(3), Z) ® H,(QS 6 , Z) S P[a 2 , a 4 ] ® T[f3 5 }. 

Differentials in this spectral sequence respect the coproduct structure, and hence ^5(^5) 
must be a primitive element in H 4 (flSU(3), Z). One has A(a 4 ) = a 2 ®a 2) and A(a 2 ) = 
2a 2 £g> a 2 , hence any primitive in H 4 (QSU(3), Z) is a multiple of 2a 4 — a 2 ,, and so 
^5(^5) = A{2a 4 — a|), for some A G Z. 

To determine the value of A, consider the fibration 

QS 6 5£/(3) ► G 2 . 
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An easy calculation with the homology SSS of this fibration, using the fact that 
i/s((j 2 , Z) = Z/2, shows that 5*((3$) = 2x 5 . Hence using the commutative diagram 

QSU(3) —»• QG 2 > QS 6 

6 

nSU(3) > * ► SU(3) 

and naturality of the SSS, one has in the top fibration d^{f3^) = 2a^ modulo the ideal 
generated by a 2 - This shows that A = 1. 

Reducing this calculation mod 2, one has 

E 2 = H*(flSU(3)) <g> H*(ttS 6 ) S P[a 2 , a 4 ] ® T[& 5 ], 
and it follows easily that d 5 (b 5 ) = a 2 . Thus one has 
(11) F*(OC 2 ) = P[a 2 , a 4 ]/(a£) ® P[6 1Q ] 

as a module over H*(QSU(3)). Since the element 610 has infinite height already in the 
E°° page of the spectral sequence, it is also an element of infinite height in H*(QG 2 ), 
and the structure given in fTXTT) is the algebra structure. Notice that the element 
610 is determined only up to an additive summand of an element in the image of 
restriction from H*(QSU(3)). (Notice also that in integral homology one has the 
relation a 2 , = 2a 4 .) 

The Hopf algebra structure of H^{VLG 2 ) is determined by A(a 4 ) = a 2 <8> a 2 , while 610 
can be chosen to be primitive (if some choice of 610 is not primitive, then b' w = b\Q + a\a2 
is). It follows that in cohomology the dual of 04 is the square of the dual of a 2 , and so 
one has Sq% (a 4 ) = a 2 . 

Dually, one has 

H* (QG 2 ) ^ P[d 2 ]/ (df) ®r[a 8 ,b 10 }, 
where a 2 and 610 are the duals of a 2 and 610 respectively, and as is dual to a|. 

Deciding the action of the homology Steenrod squares on 6 10 requires more calcula- 
tion. The authors are grateful to Akira Kono for sketching for them the argument that 
follows. Let G 2 denote the 3-connected cover of G 2 . Thus there is a principal fibration 

K{Z,2) >G 2 >G 2 . 

Using the mod-2 cohomology SSS for this fibration, an elementary computation shows 
that 

H*{G 2 ) ^P[u 8 )® E[y 9 ,z n ], 

where u 8 restricts to i\ G H S (K(Z,2)). The classes yg and z\\ correspond to the 
infinite cycles in the spectral sequence given by t 2 b 5 and i 2 a>l, where 03 and 65 denote 
the generators of H*(G 2 ). By analysing the SSS for the fibration 

G 2 >G 2 >K(Z,3\ 

it is easy to see that Sq 1 ^) = y% and Sq 2 (yg) = Z\\. Finally, using the spectral 
sequence for 

VLG 2 >K(Z,2) >G 2 

one observes that i 2 restricts to a 2 , and so i\ restricts trivially, and is therefore the 
image of ug under the inflation map. The rest of the spectral sequence is determined 
by letting y 9 and z\\ be the image of d$ and 610 under the transgression. In particular 
it follows that Sq 2 (ds) = b\Q. Dually in homology we have Sql(b w ) = a\. 
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To calculate the loop space homology of BG 2 (q)2, consider first the Friedlander 
fibre square ([Tj) for G 2 . Taking iterated fibres on the left column of the square we get 
a sequence of fibrations 

nG 2 > ttBG 2 (q)$ > Gl G~ 2 > BG 2 (q)^ > BG 2 , 

where G 2 denotes ((^2)2 • F° r the actual calculation, we use the SSS for the fibration 

(12) VtG 2 >QBG 2 (q)$ >G~ 2 . 

Thus, we start by calculating the map induced by f q on homology 

Expanding the Friendlander fibre square, one sees that f q is the composite 

G~ 2 ™^ Glx(T 2 ^4 G^x^ G~ 2 . 

There is an isomorphism of modules over P[u 4 , u 7 , Ug], 

H*(BG 2 ) = P[u 4 ,u 7 ,ul}® E[u 6 ], 

with Sq 1 ^^) = Ur- Considering this as a differential graded algebra with the differential 
given by Sq 1 , and taking cohomology, we get the E 2 term of the BSS for H*(BG 2 ), 

E 2 = P[u 4l ul] J 

which is concentrated in even degrees, and so E 2 = E^. Hence the integral cohomology 
of BG 2 is given by 

H*(BG 2 ,Z) = P[u 4 ,u 7 ,v 12 }/(2u 7 ). 

Notice that u 4 and V\ 2 are torsion free classes and (ip q )*(u 4 ) = q 2 u 4 , while (ip q )*(vi 2 ) = 
q 6 v± 2 . On the other hand, since the class u 7 is of order 2, every element in the ideal 
it generates is of order 2, and since ip q is a mod-2 equivalence for q odd, the ideal 
generated by u 7 is fixed under (ip q )*. 

Using the BSS for H*(G 2 ) we see that 



Hi(G 2 ,Z) 




i = 0,3,11,14 
i = 5,8 



while all other homology groups vanish. Let Xi denote a generator for Hi(G 2 ,'Z) for 
those values of i, where the respective homology group is nontrivial. Using the known 
algebra structure of H*(G 2 ), it is easy to conclude that Xzi % 5 and X n are indecompos- 
able, and that X3X5 = Xs an d X3X11 = Xu- Using the SSS for the path loop fibration 
over BG 2 and naturality, we conclude that Qip q (xs) = q 2 X3 an d ^"02 (Xu) = ? 6 Xn, 
while QipiiXs) — Xs an d ^^Kxs) = Xs- In mod-2 homology both (V' 9 )* and (Qip q )* 
behave like the identity. 

Using the Kiinneth formula, we see that for n < 11 

H n (G 2 x G 2 , Z) = H t (G 2 , Z) <g> H 3 (G 2 , Z). 

i+j=n 

This, and the information about Qip q allows us to easily calculate f q on H >t: (G 2 , Z). 
One has 

mxz) = (q 2 - 1)X3, f!(Xs) = 0, and f q ( Xn ) = (q 6 - l)xn- 
On mod-2 homology f q is trivial. 
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Now consider the fibration fTT2]) . which is induced from the path-loop fibration over 
G 2 via the map f q . Since /| is trivial on mod-2 homology, the SSS for ffT2|) collapses at 
E 2 , and it follows that for all odd q there is an isomorphism of modules over f/*(f2G 2 ): 

(13) H*(nBG 2 (q)$) = {P[a 2 ]/^) ®P[o 4 ,& 10 ]} ® E[x 3 ,x 5 ] <g> P[^]/(% 2 ). 

The structure of -/^(fiPG^o)^ ) as a module over the dual Steenrod algebra follows 
from the information we have about the two factors. Namely, Sql(a^) = a 2 , Sq 2 (x$) = 
x 3, Sq*(bio) = o 4 , and SqKzg) = £5. This is summarised in the following table. 



5 = 1(4) 
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x 5 


z% 


ho 


Sql 








x 5 





Sql 


o 2 


£3 





aj 



The classes a 2 and £3 are primitive with respect to the diagonal in H^(QBG 2 (q)2) 
for dimensional reasons. The class X5 can be chosen to be primitive, since for any 
choice A (#5) = A(a 2 (g) x 3 + £3 £g> a 2 ), for some A e F 2 , then x 5 + Aa 2 x 3 is primitive, 
has the same action of Sql as £5, and represents the same class modulo H*(QG 2 ). One 
also has A(a 4 ) = a 2 ® a 2 , since H^(QG 2 ) is a Hopf subalgebra. Finally, the class zq can 
be chosen to have reduced diagonal £3 £§> xs, since for any choice of representative, one 
has A(z 6 ) = £3 <g> x 3 + B(a 2 <8> o 4 + o 4 <8> a 2 ), and so = ;z 6 + Ba 2 a i is congruent to 2 6 
modulo H*(QG 2 ), has the same action of Sg* as zg, and has the required diagonal. 

Next, we compute the algebra extension. To do that, fix the representatives for x 3 , x 5 
and Zq as above. Notice first that £3 = and z\ = 0, since there are no primitives 
in the respective dimensions. Similarly, x 5 is primitive, and so x\ = Ab w for some 
A e F 2 . Applying Sql to both sides we see that A = 0, so x\ = 0. 

Next we systematically examine all the commutators involving x 3 , £5 and Zq, as listed 
in the following table. 



5 


7 


8 


9 


10 


11 


13 


15 


16 


[02,3:3] 


[02,2:5] 
[x 3 ,a 4 ] 


[a 2 ,z 6 ] 
[2:3, x 5 ] 


[o 4 , x 5 ] 


[a 4 , z 6 ] 




[x3,ho] 


[xs, ho] 


[z 6 , ho] 



We will show that 



[a 2 , z 6 ] = o 4 , [a 4 , z&] = ho + o 4 «2, and [ho, z%] = a 4 , 

while all the other commutators in the table vanish. 

Observe first that every non-primitive class among the generators of H^SlBG^q)^) 
has a reduced diagonal consisting of a single element. The commutator of two primitives 
is always primitive, and if a is a primitive and A (b) = c <g> c, then 

(14) A([a,6]) = c® [a,c] + [a,c] ® a 

Thus the commutators [a 2 ,x 3 ], [a 2 ,x 5 ], [x 3 ,x 5 ], [x 3 , h ] and [2:5, &10] are automatically 
primitive. 

Since [02,2:3] = Ax$. Applying Sql to both sides, it follows that A = 0, so a 2 
and x 3 commute. Since A(a 4 ) = a 2 <8> a 2 and A(z 6 ) = x 3 <8> x 3 , (ll4"|) applies, and 
since [02,2:3] = 0, [2:3,04] and [o 2 ,z 6 ] are also primitive. The only other primitive in 
dimension 7 is [02,2:5], and so [2:3, a 4 ] = A [02,2:5], for some A G F 2 . Similarly 

[a 2 ,z 6 ] = B [x 3 ,x 5 ] + Cal, 
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as [23, 25] and a 2 are the only other primitives in dimension 8. But Sql applied to 
both sides yields on the right hand side, and [a 2 , 25] on the left hand side. Hence a 2 
commutes with 25, and consequently a 4 commutes with 23. 

By a similar method we analyse [04,-26], [04,25], [^3,^6], [^3,^5] and [25,2%]. First, 
by direct calculation, and the results already listed above, 

A([a 4 , zq\) = a 2 ® [a 2 , z e ] + [a 2 , z 6 ] <g> a 2 . 

Thus before we have decided whether a 2 commutes with z 6 , we must assume [04, Zq] = 
Ab w + Ba\a 2 , for some A,B G F 2 . Applying Sql to both sides we have [04,25] = 0. 
Now, since 23 and 25 commute, [25,2:6] is primitive. Since 25 commutes with both 
a 2 and 04, there are no other nonzero primitives in dimension 11, and so [25,2:0] = 0. 
Applying Sql and then Sql, we conclude that [23, Zq] and [23,25] both vanish. 

Next, notice that [zq, 610] is a primitive class. Hence [zq, bio] = Aa\ for some A G F 2 . 
Applying Sql and then Sql to both sides, and using the fact that 2 5 and a 4 commute, 
we conclude that 610 commutes with 25 and 23. 

It remains to analyse the commutators [a 2 , Zq], [a^, Zq] and [610, zq]. To do that, recall 
from [7], 

H*(BG 2 (q)) = P[u4,u 6 ,t 7 ,y 3 ,y 5 }/(yl + y 3 t 7 + ylu A , y\ + y 5 t 7 + ylu 6 ). 

Denote classes in H*(BG 2 (q)) by adding a bar to the corresponding cohomology class, 
and consider the cobar spectral sequence for H*{yLBG 2 (q) 2 ). Thus 

E 2 - Cotor^ BG2 ^)( F2)F2 ) & H*(T(Z- l (H*(BG 2 (q)$)),d E ), 

where d E is the differential on T(S _1 (i/ ;|J (i?G 2 (g) 2 )) induced by the reduced diagonal. 
If x,y G H*(BG 2 (q) 2 ) are any classes, we denote the corresponding elements of the 
tensor algebra by [2] [y] etc., and their product in the tensor algebra structure by 
standard bar notation [x\y]. 

Consider the homology classes y 2 , y 3 t 7 and 2/3U4. The corresponding reduced diago- 
nals are 2/5® 2/5, y~ 3 <&t 7 + t 7 ®y~ 3 and y~ 3 ®y 3 u A + y 3 u i ®y~ 3 + yl®u A + u A ®yl respectively. 
Hence 

Mlyl}) = W, d E {[y~zT 7 \) = [[y 3 ], [t 7 ]}, and d E {[y 2 3 u 4 ]) = [[y 3 ], [y^l]} + [[y% N]- 
On the other hand, since y\ + y 3 t 7 + y 2 u± = in H*(BG 2 (q)), we have 

Furthermore, [i/5] and [y^] and [t 7 ] are all cycles, which are permanent for dimensional 
reasons and hence represent 04, a 2 and zq respectively in loop space homology. The 
equations above show that the expression [y~ 5 ] 2 + [[yjj], [t 7 ]} is a boundary, and so we 
obtain the relation [a 2 ,^6] = « 4 - Next, notice that Sq 2 ([a,4, zq]) = [a 2 ,zo\ = a 2 , while 
A([a 4 , z 6 ]) = a 2 eg) a\ + a\® a 2 . Hence we conclude that 

[a 4 , zq] = b 10 + a\a 2 = b 10 + [a 2 , z 6 ]a 2 . 

Finally, since b w = [a 4 , z 6 ] + a\a 2l we calculate directly, 

[6l0, Zq] = [[a 4 , Zq] + aja 2 , Zq] = [[d 4 , Zq], Zq] + [a\a 2 , Zq] = 

[a 4 , z\] + [[a 2 , z 6 ]a 2 , Zq] = + [a 2 , z 6 ] 2 = a\. 
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This completes the computation of the Hopf algebra structure. To summarise, we have 
shown that 

H.{QBG 2 (q)$) S P[a 2 \/{al) <g> P[a A , b l0 ] ® £?[z 3 , z B ] ® ^N/(% 2 ), 
as modules over H*(p,BG 2 ). The relations which determine the algebra extension are 
given by x$ = x\ = z% = 0, [a 2 ,z 6 ] = «!, [04,^] = &10 + a 2«4, and [feio,^] = «4- All 
other commutators of generators are trivial. The coproduct is given by A(o4) = a 2 ®a 2l 
A.(zq) = x 3 <S> X3, and all other generators are primitive. 

It remains to compute the Bockstein spectral sequence for H*(QBG 2 (q)2)- This is 
done by calculating the integral SSS for the fibration in the top row of the diagarm 

nd 2 — ► nBG 2 (q)$ — >d 2 



We use naturality and the action of /| computed above. First, analyse the SSS for the 
bottom row, using the same notation we have been using before. One has d 3 (xs) = a 2, 
and since in integral homology a| = 2a 4 , d 3 {a 2 Xz) — 2a-4. Hence ^3(04X3) = a 4 a 2 , and 
dz[a\a 2 Xz) = 2a k 4 +1 . Since Xs = X3X5, it follows that d 3 (xs) = 0-2X5, but d 3 (a 2 x$) = 0. 
Similarly, d 3 (xu) — 0-2X11- 111 addition one must have d 3 (xu) = 0-2X8; since otherwise 
a 2Xs will be an infinite cycle. This determines d 3 . The next nontrivial differential is 
0*5, which takes X5 isomorphically to 04, which in E 5 is a class of order 2. Finally dn 
takes X11 to 610, and E 12 = E°°. Now, using naturality of the spectral sequence and 
our knowledge of /|, it follows that in the SSS for the top row in the diagram, d 3 (xs) — 
(q 2 — l)a 2 , o! 5 (xs) — 0, and dii(xii) — (<? 6 — l)&io- This information suffices for the 
computation of the BSS. The integral calculation yields in particular the observation 
that a 2 is a class of order (q 2 — 1), while 610 has order (g 6 — 1). 

Now, consider H*{£lBG 2 (q)2) as a module over H*(QG 2 ) as in ([TBI : 

H^BG 2 (q)^) = {P[a 2 }/(a 2 2 ) ®P[a 4 ,& 10 ]} <g> E[x 3 ,x 5 ] ® P[z 6 ]/(z 2 6 ). 

Taking the Sq} homology, one has 

E 2 = P[a 2 ]/{aj) ® P[a 4 , b w ] ® E[x 3 , h n }. 

where the class h n is represented by the Sql cycle x 5 z 6 . Notice that for any odd q, 
r e — v 2 (q 6 — 1) = v 2 (q 2 — 1) = r 2 . Hence the next nontrivial Bockstein operator is 
Pl 2 {.x 3 ) = a 2 , and (3l 2 (hn) = »io- It now follows that fil 2+1 (a 2 x 3 ) = a 4 , and E r2+2 = 
E°°. 

The results are summarised in the following table. 



g=l(4) 


a 2 


£3 


CL4 


x 5 


a 2 x 3 


^6 


010 


X5ZQ 


Sqt 






























a 2 















610 













a 4 









This completes the proof of Theorem |A] 

3. Loop space homology of £?Sol(g) 

For any odd prime power q, the 2- local finite group Sol(g) is defined in (TTJ. The 
starting point is a family of saturated fusion systems J-s i(q) over the Sylow 2-subgroup 
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of Spin 7 (g). These fusion systems were originally defined by Ron Solomon [16J as a 
part of his contribution to the classification of finite simple groups. He did not use the 
language of fusion systems, but essentially presented the entire family and studied its 
general behaviour. In [2], Benson gave a construction of a family of spaces PSol(g), 
which he claimed realise the fusion patterns defined by Solomon. These spaces are 
given as the pullback spaces in the diagram 

PSol(g) ► BDI(A) 



(15) 



BDI(4) rT1 > PP/(4) x2 



where A is the diagonal and ijj q is the degree q unstable Adams operation on BDI(4) 
constructed by Notbohm [T3]. The paper [TT] unifies the two constructions. On one 
hand it is shown that the fusion patterns defined by Solomon are indeed saturated 
fusion systems, each of which admits an associated centric linking system Csoi(q), and 
on the other hand that the classifying spaces of the corresponding 2-local finite groups 

PSol(g) == |£soi( g )| 2 coincide with the spaces constructed by Benson, whose approach 
allows a calculation of the mod 2 cohomology of PSol(g), as demonstrated in [7]. We 
shall also utilize Benson's pullback diagram in the current work. 

In what follows we will denote QBDI(A) by DI(A) (not to be confused with the 
notation DI(n) which is sometimes used to denote the rank n algebra of Dickson 
invariants) . 

As before, one has a fibration of loop spaces and loop maps 

OD/(4) ► fiPSol(g) ► DI(4), 

resulting from looping the left the left hand side column in Benson's pull back diagram 
ffTBI) . Thus our first task is to compute the loop space homology of DI(A). 

Proposition 3.1. There is an isomorphism of Hop f algebras 

H m (flDI(4)) = P[a 6 }/(al) ® P[b 10 , c 12 , e 26 ], 

where a$, bio an d are primitive, and A(ci 2 ) = a§ <8> a%. The action of the dual 



Steenrod algebra is determined by Sqf(bio) = a e , Sg 2 (ci 2 ) = bio, and Sq 2 (e26^ /J 



12- 



Proof. Consider the homology EMSS for the path-loop fibration over DI(4). The E 2 
term is given by 

Cotor H *( D/ ( 4 »(F 2 ,F 2 ) - Ext^ (D/(4) )(F 2 ,F 2 ). 

The isomorphism holds since H*(DI{4)) is of finite type. To calculate the right hand 
side, consider the differential graded Hopf algebra 

P* = (P[x 7 }/(x 4 7 ) ® E[yn, z 13 \) <8) (P[a 6 ]/(a 4 ) ® T[b w , t 24 , e 26 ]), 

where the left factor is primitively generated, and the right factor is the dual of the 
Hopf algebra P[a 6 ]/(a 2 ) ®P[6 10 , ci 2 , e 26 ], where all generators but c i2 are primitive, and 
A(c i2 ) = oq g) 06- We denote by 7^(6) the generator of r[6i ] in dimension 10A;, where 
7i(6) = foio, and 7q(&) = 1. We use similar notation for the generators corresponding 
to c 12 and e 26 . Thus as an F 2 -algebra r[6 10 , t 24 , e 26 ] can be written as 

i P[72"(&),72"(i),72«(e)], 

n>0 

where we omit subscripts for short. The differential on P* is given on generators by 
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• d(x) = d(y) = d(z) = 0, 

• d{d) = x, 

• d(^ 2 n(b)) = yj 2 n_ x {b) , 

• d{d 2 ) = z, 

• d{~f2 n (t)) = zd 2 ^2 n -i{.c) , and 

• d(72«(e)) = x 3 a7 2 n_i(e), 

and is required to satisfy the Leibniz rule on products. Notice that the differential is, 
in particular, a map of graded algebras over H*(DI(4)) = P[x 7 ]/(x 4 ) £g> E[yu, Z13). In 
particular P* is a free differential graded PP(P/(4))-module. Furthermore, as a chain 
complex it is split as the tensor product of the following acyclic subcomplexes 

{P[x 7 }/(x 4 ) ® P[a 6 ]/(a 4 ) <g> E[z 13 ] ® r[t 24 , e 26 ]} ® {£[y u ] ® r[S 10 ]}. 

Hence P* is a free PP(P/(4))-resolution of F 2 . 

Since P* is a free differential graded PP(P/(4))-module, it is immediate that 

(16) E 2 = Ext H *p /( 4))(F 2 ,F 2 ) = P*(Hom H * (D/(4)) (P„F 2 )) = 

Hom F2 (P[a 6 ]/(^) ®r[6 10 ,t 24 ,e 26 ],F 2 ) = P[a 6 }/{a 2 6 ) ® P[b w 

Since this module is concentrated in even degrees, there are no possible differentials, so 
E 2 = E°°. By inspection of the SSS for the path- loop fibration over DI{4), one easily 
obtains Sq 4 (b w ) = a 6 and Sq 2 (c 12 ) = b w . 

To calculate further Steenrod operations, we use a similar trick to the one used to 
QG 2 . Let X denote the 7-connected cover of DI(4). Thus there is a fibration 

X ► DI{4) K(Z, 7). 

To calculate H*(X) we use Smith's Big Collapse Theorem [15J. Notice that x 7 is 
onto, and its kernel consists of the ideal generated by all the polynomial generators of 
H*(K(Z,7)), different from i 7 , Sq 4 i 7 , and Sq 6 i 7 , along with l 4 , (Sq 6 i 7 ) 2 , and (Sq 4 t 7 ) 2 . 
This collection of generators forms a regular sequence in H*(K(Z,7)), and so the 
conditions of Smith's theorem are satisfied, and H*(X) can be written additively as 
the exterior algebra on infinitely many generators, corresponding in a 1-1 fashion to 
generators listed above, but with a dimension shift one down. Let e 2 7, r 2 5, and o 2 \ be 
the elements in H*(X) corresponding to i 7 , (Sq 6 t 7 ) 2 , and (Sq 4 i 7 ) 2 respectively. Notice 
that Sq 2 (r 25 ) = e 27 and Sq 4 (a 21 ) = r 25 . Write 

(17) H*(X) = E[a 21 , r 25 , e 27 ] ® E[k 2 , k 3 , . . . , k 1 , . . .], 

where k 1 in dimension \Sqh 7 \ — 1 stands for the exterior generator corresponding to 
Sqh 7 , for each / such that Sq 1 i 7 G Ker(xy). 

Now, consider the cohomology SSS for the principal fibration 

OD/(4) K(Z, 6) X. 

Notice first that by naturality of the spectral sequence, the second factor in (|17|) in- 
jects into H*(K(Z,6)) via tt*, while the classes cr 2 i, t 25 and e 27 are all in Ker(7r*). 
Furthermore, one has = ae, and so j*{Sq 4 to) = bio. The bottom dimensional 

class in H*(QDI(4)) which is not hit by j*, is 72(^10) > which is therefore transgres- 
sive. Hence ^(72(^10)) — and it follows that d(Sq 4 j 2 (bi )) = Sq 4 {a 2 \) = r 25 , 
while d(Sq 6 j 2 (ho)) = d(Sq 2 ' 4 -f 2 (b 10 )) = Sq 2 r 25 = e 27 . Hence Sq 4 j 2 (b w ) = t 24 , and 
Sq% 4 = e 26 . Dually, in homology, Sq 2 (e 26 ) = cf 2 , and Sq 4 (c 2 12 ) = 6 40 . 
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Next, we work out the Pontryagin algebra structure. Since 610, c\ 2 and e 2 6 are 
elements of infinite height in E°°, they represent elements of infinite height in homology. 
Hence, it remains only to check whether a\ = c 12 . But in cohomology one has C\ 2 = 
Sq 2 (h ) = Sq 2 Sq 4 (aQ) = a|. Hence in homology A(c 12 ) = a 6 (g> a 6 . But since a 6 is 
primitive, so is a\, and since H 12 (VlDI(A)) is 1-dimensional, it follows that a 2 & = 0. 
This completes the calculation of the algebra structure. 

The classes a§ and b w are primitive for dimension reasons, and we have already 
computed the reduced diagonal of C\ 2 . Thus it remains to compute the reduced diagonal 
of e 26 . Notice that H 26 (QDI(A)) is 2-dimensional, generated additively by e 2 6 and a Q b\ 0l 
and that e 2 6 can be modified by an additive summand of a Q b\ without changing the 
algebra structure. For any choice of e 26 one has 

A(e 26 ) = A(a 6 b 10 ® ho + ho ® a^ho) + B(a 6 <g> b\ Q + b 10 ® as), 

for some A,B<E F 2 . But B is the coefficient of A(a6&i ), and so by modifying the 
choice of e 2 6 if necessary, we may assume that B = 0. Furthermore, if A 7^ 0, then 
H 2 g(Q>DI(4)) contains no primitive class, and so dually every class in H 26 (ilDI(A)) is 
decomposable, which is clearly impossible. Hence A = 0, and there is a choice for the 
class e 2 6 which is primitive. 

This completes the calculation of H*(QDI(4)) as a Hopf algebra and hence the proof 
of the proposition. □ 

Dually, the cohomology Hopf algebra is given by 

H*(QDI(A)) = P[a 6 ]/(ai) ® T[b 10 ,t 24 ,e 26 ]. 

We are now ready to start the calculation of H*(£lBSo\(q)). Consider the fibration 

VLDI(A) ► fiSSol(g) > DI(A). 

The homology SSS associated to this fibration is a spectral sequence of Hopf algebras 
over H*(QDI(A)), whose _E 2 -page has the form 

E*,* = H*(VDI(A)) ® H*{DI{A)) = 

{P[a 6 ]/(al)^P[b 10 ,c 12 ,e 26 }} ® {E[y 7 , y n , y 13 ] ® P[yu]/(yu)} ■ 

Since BSo\(q) is 6-connected, 7r 6 (fiBSol(g)) = H 7 (BSo\(q),Z). Thus H 7 (BSo\(q),Z) is 
a finite 2- group, and so d 7 (y 7 ) = 0. Thus d 7 vanishes on all the yi (yu by considering the 
dual cohomology spectral sequence, and the other generators by dimension reasons). 
The next possible nonvanishing differential is du. Considering the dual cohomology 
SSS, d u (b w ) = c? 11 (S'g 4 a 6 ) = S , g 4 rf 7 (a 6 ) = 0. Hence in homology dn(yn) = 0. Similarly 
^13(2/13) = 0. Hence the spectral sequence collapses at E 2 , and 

(18) H*(QBSo\(q)) = P[a 6 ]/(a 2 6 ) ® P{h , c 12 , e 26 ] ® E[y 7 ,y lu y 13 ]® P[yu]/(y 2 u ) 

as a module over H*(£IDI(A)). 

The loop space homology H*(£IDI(A)) is contained in H*(£lBSol(q)) as a Hopf sub- 
algebra. The classes y 7 and yn are primitive for dimension reason. For y 13 one has 
A {yis) = A(a,Q®y 7 )+y 7 ®a§) = AA(aQy 7 ) for some A e F 2 . Hence 1/13 can be chosen to 
be primitive. Finally A(y 14 ) = y 7 ®y 7 . This completes the description of the coalgebra 
structure on H*(QBSol(q)). 

Since y 7 and yn and yi 3 are primitive, so are their squares. Since there are no 
nontrivial primitives in the respective dimensions, except for e 2 6, we conclude at once 
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that y 2 = y\ x = 0, while yf 3 = Ae 2 % for some A e F 2 . But Sq\{ei%) = c\ 2 , while 
Sql(yf 3 ) = 0, so A = 0, and therefore y\ 3 = 0. Finally, yf 4 is primitive, and since there 
are no nontrivial primitives in dimension 28, it follows that yf 4 = 0. 

Next, we calculate all the commutators involving the classes yi. The results are 
summarised in the following table, while the calculations are below. Each entry in the 
table stands for the commutator [Column, Row]. 





a 6 


Vi 


&10 


yn 


Cl2 


2/13 


2/14 


e 2 e 


2/7 


























yii 


























2/13 


























2/14 


b' 2 





c 2 

c 12 





e 2 e + ae&io 








6 4 



Since a 6 and y 7 commute, [06,2/14] is primitive, and so must be a multiple of b\ Q . 
Applying successive dual Steenrod squares 

[a 6 , y u ] [a 6 ,t/i 3 ] [a 6 ,yn] [a 6 ,y 7 ], 

we conclude that all these commutators, with the possible exception of [06,2/14] itself, 
vanish. 

The class y-j clearly commutes with itself, and its commutators with all other j/j 
are primitive. This implies at once that [2/7,2/11] an d [2/7,2/14] vanish, and [2/7,2/13] — 
Sql[y7,y u] = as well. 

The class 610 commutes with y 7 for dimension reasons, and so [610,2/14] is primitive, 
and is therefore a multiple of c\ 2 - Applying dual Steenrod squares we have 

Sq 1 Sq 2 
[6lO,2/l4] I ^ [6lO,2/l3] I ^ [6lO,2/ll], 

which show that [610,2/13] and [610,2/11] vanish. 

Since y u commutes with y 7 , the commutator [2/11, 2/14] is primitive and Sql[yu, y u ] = 
[2/11,2/13]- But there are no nontrivial primitives in dimension 25, and so both commu- 
tators vanish. 

The classes c 12 and y 7 commute, since there are no 19 dimensional nonzero primitives, 
and so [2/14, Ci 2 ] is primitive. Thus [2/14, Ci 2 ] is a multiple of e 2 6- As before, we have 

r 1 Sq *, r 1 5 < r 1 

[Cl2,2/I4]l > [Cl2,2/13] I > [Cl2,2/ll], 

which show that all commutators involving C12, except possibly [012,2/14] vanish. 

We already established that j/13 commutes with y 7 and yn, and it commutes with 
yu as well since the commutator [2/13,2/14] is primitive. This also shows that all com- 
mutators with j/14 with other yi vanish. 

Finally, [e26,2/7] vanishes for lack of primitives in dimension 33. Thus [e26,2/i4] is 
primitive and one has a chain of operations 

Sq 1 Sq 2 

[e 2 6,2/i4] I — ^ [e 2 6,2/i3] I — ^ [e 2 6,2/n]- 

The only nonzero primitive in dimension 40 is bf , and so [e 2 6,2/i4] — Ab\ for some 
A G F 2 . Applying Sq\ and Sq 2 / to 

6f , we conclude that [e 2 6,2/i3] and [^26,2/11] vanish. 
It remains to evaluate the commutators of yu with the generators of H*(QDI(4)). 
To do that, we consider the cobar spectral sequence for H*(QBSol(q)), with 

E 2 = Cotor H *( BSol ( ( '»(F2,F2) = H^T^H^BSoliq))), d E ), 
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where d E is the external differential on the cobar construction, induced by the reduced 
diagonal in H*(BSol(q)). 

Recall from [7J 

H*(BSol(q)) = P[u s ,Ui 2 ,Uu,UiB,t7,tu,ti 3 ]/I, 

where I is the ideal generated by the polynomials r x = t\ x + u$t 2 + Ui 5 t 7 , r 2 = tf 3 + 
Uutf + Ui 5 t n and r 3 = t\ + 1/14*7 + ^15*13- 

As for BGz^q), we denote classes in i7*(.BSol(g)) by its dual cohomology class deco- 
rated by a bar. If a G H*(BSo\(q)) is any class, then the corresponding tensor algebra 
generator will be denoted by [a], while products of these generators will be written us- 
ing the usual bar notation [ai • • • |eQ. Thus the relation 74 translate to the following 
equation in the E 1 page of the cobar spectral sequence. 



= d E {[t 2 n ] + [u 8 t 2 7 ] + [u l5 t 7 ]) = [in] 2 + d E ([u 8 t 2 }) + [[uT B ], [t 7 ]}. 

The classes [tn], [uih] and [t 7 ] are easily seen to be the permanent cycles in the spectral 
sequence corresponding to b w , Vu and a 6 respectively. Hence we obtain the relation 

[ae,yu] = b 2 w . 

Next, notice that one has 

Sq 2 Sq 4 

[ci2,yu] 1 — ^ [bw,yu] 1 — ^ [o6,yu]- 

The commutator [610,2/14] is primitive, while 

A([ci2, yu]) = a 6 <g> [a 6 , y u ] + [a 6 , y M ) <g> a 6 = a 6 ® b 2 10 + b\ Q ® a 6 . 
Hence we conclude that 

[610, = <?i2 and [C12, 2/14] = e 26 + a 6 b 2 10 = e 26 + a 6 [a e , y u \. 
Finally, by the previous calculations, 

[e?8,y u] = [[ci2,yu],Vu] + [a>e[a*,yu],yu] = [^Vuf = bf . 

This completes the calculation of H*(QBSol(q)) as a Hopf algebra over the dual Steen- 
rod algebra. 

Our final task is the calculation of the BSS for QBSo\(q). Using the known structure 
of H*(BDI(4)) and H*(DI(A)) and the corresponding BSS, we conclude that 

H*(BDI(A),Z) S P[v 8 ,v m v 15 ,v 28 \/(2vis), 

which allows us to conclude that (ip Q )*{v2i) = q % Vn- Also, similarly to the corresponding 
computation for G 2 , 



H t {DI(A),Z) 



Z 2 = 0,7,11,18,27,34,38,45 
Z/2 i = 13,20,24,31 

while all other homology groups vanish. Denote homology classes by \ii where i cor- 
responds to the dimension. The by inspection of the mod 2 homology structure, it is 
easy to conclude that X7i Xn> and X27 are the indecomposable among the torsion free 
classes, while the only torsion indecomposable class is Xi3- 

Consider the fibration 

QDI{A) ► ttBSo\(q) > DI(A). 

The integral homology SSS calculation of this fibration is similar to the one done for 
G 2 . Since ii*(flDI(4), Z) is torsion free, the E 2 page of the spectral sequence is the 
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tensor product of the homologies of base and fibre. One has a commutative diagram 
of fibrations 

J1DI(4) — > fiBSol(g) — >■ £>I(4) 

/ 9 

QDI(4) ► * ► DJ(4) 

where f q is any map in the homotopy class of the composite 

DI{4) £tf(4) x £>/(4) n ^ x (~H DI(4) x DI(4) DJ(4). 

It is easy to verify that 

H n (DI(4) x D/(4),Z) = H l (DI(4),Z)(g)H j (DI(4),Z) 

i+j=n 

for n < 32. Hence it follows that for i = 4,6, 14, one has (/ 9 )*(x2i-i) = (<? i — l)X2i-i- hi 
the SSS for the path-loop fibration over DI(4), one has g?7(x7) = a 6 , 07(06X7) = 2c 12 , 
dn(xn) = & io> disCxis) = C12 (the class of c i2 modulo Im(d 7 )), and d 27 (x 2 7) = e 26 - 
Thus by commutativity of the diagram above, and naturality of the SSS one has in the 
integral homology SSS for the top row, d-jixi) — (<? 4 — 1); dn(xn) — (<? 6 ~ l)oiO; and 
^27(X27) = (<? 14 — l)e26- Setting q = 4k ± 1 and = z/ 2 (g l — 1), and performing the 
necessary arithmetics, we see that r$ = 7*14 = ^(A;) + 3 = — 1. 

We are now ready to compute the Bockstein spectral sequence for H*(QBSo\(q)), 
which is a spectral sequence of modules over H*(QDI(4)), and so we use the module 
structure given by Equations ([18]) in the calculation. The first page of the spectral 
sequence is determined by Sql(yu) = 1/13. Thus 

E 2 = P[a 6 ]/(ajj) <g> P[o 10 , c l2 , e 26 ] <8) £[2/7, j/n, h 27 ], 

where h 27 corresponds to the infinite cycle in E 1 given by 2/132/14. By the integral 
homology calculation above, the next nontrivial differential is /3* 4_1 , and one has 
/5 r4_1 (2/n) — c io> while fi rA ~ l (h 2 i) = e 26 . Next, we have (3l 4 (y 7 ) = a 6 , and since 
A(ci2) = 06 <8> a 6 , it follows that f3l i+1 (a e y 7 ) is defined and is equal to C12, provided 
that a62/7 7^ in E r4+1 , which is obvious since already E 2 does not contain a nonzero 
class in dimension 14. This completes the calculation of the BSS for QBSo\(q), which 
takes the form 





a 6 


2/7 


610 


2/ii 


C12 


2/13 


2/14 


6 2/7 


2/132/14 


Sql 




















2/13 



















&10 












e26 


K A 





a 6 


















/3I 4+i 

















C12 
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